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Abstract. The norm resolvent convergence of a family of one-dimensional 
Schrodinger operators with singular magnetic and electric potentials of small 
support is studied. The results obtained heavily depend on zero-energy reso- 
nances of the electric potential. In particular, these convergence results yield 
the approximation of a wide class of operators with singular point interactions 
by operators with smooth coefficients. 



1. Introduction 

The present paper is concerned with the norm (uniform) resolvent convergence 
of the family of one-dimensional magnetic Schrodinger operators of the form 



Tl\, = I i + — A 



ev 



, s \ 2 1 

1 . x\\ 1 



dx h s \h/ 

as the positive parameters h, e, and v tend to zero simultaneously. Here A, $ 
and "A 7 are real functions of compact support. The limit results strongly depend on 
the shape of the potentials $ and particularly on the presence of a zero energy 
resonance for the Hamiltonian —-§^1 + 3>(x). This paper can be viewed as a natural 
continuation of the recent work on the Schrodinger operators with singular localized 
potentials [10-13] to the case of the Schrodinger operators with singular magnetic 
fields. 

Our motivation of the study on this convergence comes from an application to 
the scattering of quantum particles by sharply localized potentials. The main pur- 
pose of this paper is to construct solvable models in terms of the point interactions 
describing with admissible fidelity the real quantum interactions governed by the 
Hamiltonian 3™, . Schrodinger operators with singular distributional potentials sup- 
ported on a discrete set (such potentials are usually termed point interactions) have 
attracted considerable attention in both the physical and mathematical literature. 
The quantum mechanical models that are based on the concept of point interactions 
reveal an undoubted effectiveness whenever solvability together with non triviality 
is required. It is an extensive subject with a large literature (see [1,5], and the 
references given therein). 

It is well-known that all nontrivial point interactions at a point x can be described 
by the coupling conditions 

>(x + 0)\ _ iip fc u c 12 \(ip{x-0y 
M>'{x + G) e Ui cJUx-0) y 



(1.2) 
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where <p e [— f , |], c kl G K, and c u c 2 2 - ci 2 c 2 i = 1 (see. e.g., [2,7,20]). The 
nontriviality of point interactions means that the corresponding operator cannot 
be presented as a direct sum of two self-adjoint operators acting in L2(~ oo, 0) 
and £2(0,00). For the quantum systems described by the Schrodingcr operators 
with regular potentials localized in a neighbourhood of x one can often assign the 
Schrodinger operators with the point interactions (1.2) so that the corresponding 
zero-range models govern the quantum dynamics of the true interactions with ad- 
equate accuracy, especially for the low-energy particles. 

In this context, the "inverse" problem is also of interest. The important question 
is how to approximate a singular operator with a given point interaction by a family 
of Schrodingcr operators with smooth localized potentials [18]. The results of this 
paper can be in particular viewed as a partial answer of this question. The norm 
resolvent convergence of T^ v implies that under certain conditions the operators 
T^ v can be considered as a "smooth approximation" of the singular Schrodingcr 
operators with the point interaction of the form 



We note that singular point interactions for the Schrodingcr operators in dimensions 
one and the problem of their smooth rcgularization are widely discussed in recent 
numerious publicatins; see e.g. [6,15,17,19,21,25,26]. 

On the other hand, under certain conditions on the potentials A, <I> and \& the 
operators T^ v can be viewed as the regularization of the heuristic operators 



Here S is the Dirac delta function. But these operators are generally mathematically 
meaningless. Therefore it is not surprising that different smooth regularizations of 
the coefficients in (1.3) can lead in the limit to different self-adjoint operators, i.e., 
the limit results are shape-dependent. Moreover the resolvents of T^ v can converge 
even when the families of smooth coefficients diverge in the distributional sense. 
Roughly speaking, the convergence of wave functions is not generally directly linked 
to the convergence of localized potentials. Thus the pseudo-Hamiltonians (1.3) can 
be only considered as symbolic notation for a wide variety of quantum systems with 
quite different properties whose dynamics is governed by the operators T^ v as soon 
as the parameters h, e, v are small enough. 

It is known that one dimensional Schrodinger operators 



with continuous magnetic potentials are not especially interesting, because any 
continuous a is equivalent under a smooth gauge transformation to 0. This means 
that the operator H(a) with a continuous gauge held is unitarily equivalent to the 
Schrodinger operator H(0) = —^ri + V(x) without magnetic held. For the case 
of singular magnetic potentials, however, there are certain nontrivial examples [3], 
pointing out that this case is more subtle. It has been proven in [18] that a nonzero 
phase <p in the coupling conditions (1.2) appears if and only if the singular gauge 
field is present. It is noteworthy that the authors of [8] have asserted that the 
phase parameter ip is redundant and it produces no interesting effect. They have 





(1.3) 
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stated that if time-reversal invariance is imposed, the number of the parameters that 
specify the interactions (1.2) can be reduced to three. However, Albeverio, Fei and 
Kurasov [3] have shown that the phase parameter is not redundant if nonstationary 
problems are concerned. The phase parameter can be interpreted as the amplitude 
of a singular gauge field. 

Another reason to study the 1-D Schrddinger operators with magnetic fields 
comes from the quantum graph theory which is a useful tool in modelling numerous 
physical phenomena. One of the fundamental questions of this theory consists of 
justifying the possibility of approximating dynamics of a quantum particle confined 
to real-world mesoscopic waveguides of small width d by its dynamics on the graph 
obtained in the limit as d vanishes. In recent preprint [9] the authors demonstrated 
that any sclf-adjoint coupling in a quantum graph vertex can be approximated by 
a family of magnetic Schrodingcr operators on a tubular network built over the 
graph. 

The magnetic Schrodingcr operators and the Dirac Hamiltonians with Aharonov- 
Bohm fields have been recently discussed from various aspects by many authors. We 
confine ourself to a brief overview of the most relevant papers. For the mathematical 
foundation of the magnetic Schrodingcr operators we refer the reader to the paper 
of Avron, Herbst, and Simon [4]. In two dimension, the norm resolvent convergence 
of the Schrodinger operators 

H e = (iV + e- 1 A{x/e)) 2 + e^Vixje) 

with singularly scaled magnetic and electric potentials was studied by Tamura [23] . 
The magnetic potential had the 5-like field e~ 2 b(x/e) = e~ 1 \7xA(x/e), and b and V 
were smooth vector functions in R 2 of compact support. The limit operator strongly 
depends on the total flux of magnetic field and on the resonance space at zero energy. 
The scattering by a magnetic field with small support and the convergence to the 
scattering amplitude by S magnetic field were studied in [22]. In [24], the case 
of relativistic particles moving in the Aharonov-Bohm magnetic field with a 5-like 
singularity was considered. The author approximated the pointlikc field by smooth 
ones and found the limit sclf-adjoint operators uniquely specified by physically and 
mathematically reasonable boundary conditions at the origin. 

2. Notation and Main Result 

First we introduce some characteristics of the potentials $ and in (1.1), as- 
suming they are bounded and real functions of compact support. 

,2 

We say that the Schrodinger operator — + $ in L2OR) possesses a half -bound 
state (or zero-energy resonance) if there exists a non trivial solution u to the equa- 
tion — u" + $u = that is bounded on the whole line. The potential $ is then 
called resonant. 

Note that the resonant potentials are not something unusual. For each bounded 
function Q of compact support, there exists a countable set of real constants ctk 
such that the potential ct^Q is resonant. In fact, if there exists a half-bound state 
u a of the operator +<xQ, then u a is constant outside the support of Q and its 
restriction to any interval (01,02), containing this support, is a nontrivial solution 
of the Neumann boundary value problem 



-u" + aQu = 0, te{c 1 ,c 2 ), u'(ci) = 0, u'(c 2 ) = 0. (2.1) 
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Consequently, a must be an eigenvalue of the latter problem. In the case of a 
nonnegative (resp. nonpositive) potential Q, the spectrum of (2.1) is discrete and 
simple with one accumulation point at — oo (rcsp. +00). Otherwise, (2.1) is a 
problem with indefinite weight function Q and has a discrete and simple spectrum 
with two accumulation points at both infinities (see [10,14] for details). 
Suppose that the potential $ is resonant with a half-bound state u. Set 

u(+oo) 

0=A (, 2.2 

u{— 00) 

where u(±oo) = lim x _ > .± 00 u(x). Since u is unique up to a scalar factor and has 
nonzero limits at both infinities [16], this ratio is well defined. We also define the 
mapping x : R + — > R as follows 

x(u)) = —. / ^(t)u 2 {ujt)dt, (2.3) 



u(— 00) u(+oo) J R 

and extend k to the set R* = [0, 00) U {00}, containing the actual infinity, by 

x{0) = - u2 }°] r [$dt, x(oo)=8 [ ^dt + 6- 1 [ tfdt. (2.4) 

u(-oo)u(+oo) J R J R+ J R _ 

This mapping describes different kinds of the resonance interaction between the 
potentials $ and ^> in the limit. Also we set 

A = / A{x)dx. 

JR 

Let S± denote the unperturbed half-line Schrodinger operator S± = —d 2 /dx 2 
on R-t, subject to the Dirichlet boundary condition at the origin, i.e., 

domS± = {4> e Wi(R±): 0(±O) = 0} . 

We turn now to our primary task of studying the limit behaviour of the operators 
in Z/2(R) defined by 

^=f4 + A4?)V + 3*(-UM-), dom2*=W?(R). (2.5) 



dx h s \hJ J e 2 \e J v Vjy 
Our main result reads as follows. 

Theorem 2.1. Let A, $, and ^ be bounded real functions of compact support. 
Suppose furthermore that A £ AC(M). Assume also that a sequence v e of positive 
numbers is such that v e — > and the ratio v e je tends (o u £ I, as e — > 0, i.e., this 
ratio has a finite or infinite limit. 

Resonant case. If the potential (f> is resonant with a half-bound state u and 
s = 1, then the family of operators T^ Vb converges in the norm resolvent sense as 
h, e — > to the operator T{0,x{uj)) defined by T(9, k(uj))<P = —4>" on functions <j) 
in W2 (R \ {0}), subject to the boundary conditions 

0(+O) = e lA 90(-O), 0'(+O) = e lA (6- V (-0) + x(o>)^(-0)) 

Here the quantities 9 and >c{ui) are defined by (2.2) -(2.4). The same is true for 
s > 1, provided A = 0. 

Non-resonant case. If either s = 1 or else s > 1 and A = 0, and if there does not 

JL 

dx 2 

T^ v converge to the direct sum S- © S+. 



exist a zero-energy resonance for the Hamiltonian — rrr + then the operators 
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Let a be a smooth function of compact support, and s£l It is known that the 
sequence of the form h~ s a(h~ 1 x) converges to J^ -1 ) (x) as h — > in the sense of 
distributions if 

[x k a(x)dx = for k = 0, ...,s-2 and (-l) s_1 / x s_1 a(x) dx = 1. 

In the previous theorem, therefore, the case s = 1 corresponds to a 5- like magnetic 
potential, whereas the case s > 1 and A = corresponds in particular to a regular 
approximation of the 5^ magnetic potential for any n£N. The electric potential 
e~ 2 $(e~ 1 x) + i/~ 1 ^f(i/~ 1 x) converges to a distribution ot\8'(x) + a 5(x) as e and 
v go to zero, if 3> has a zero-mean value, and diverges in the sense of distributions 
otherwise. 



3. Some auxiliary results 
We start with some propositions, which will be used below. 

Proposition 3.1. Let {L e } £> o be a family of self-adjoint operators in a Hilbert 
space 7i and {Uh}h>o be a family of unitary operators in T-L. Assume that 

• L e — > L as e — > in the norm resolvent sense; 

• Uh —> U in the strong operator topology as h — > 0; 

• U is a unitary operator in T-L. 

Then the family of operators B £ = UhL e U^ 1 converge in the strong resolvent sense 
to the operator B = ULU^ 1 with the domain 

domB = {(j) 6 H: U~ r (j> e domL} 

as h and e tend to zero simultaneously. 

Proof. The difference of the resolvents (B £ — and (B — can be represented 
as follows 

(Bi l - z)- 1 — (B — z)- 1 = U h {L s - z)- 1 ^ 1 - U(L - z)- 1 !/- 1 
= U h ((L e -z)- 1 -(L-z)- 1 )U^ 
+ U h (L £ - z)- 1 ^ 1 - U- 1 ) + (U h - U)(L - zY 1 !]- 1 

provided zgC\l. From this relation and the self-adjointness of L £ we have 

\\(B» z)- l f — (B — z)- l f\\ < \\(L E - z)- 1 — (L — z)- 1 !! Il/H 

+ | Imzl^lKC/,; 1 - U-^fW + \\(U h U)(L zy'U-'fW (3.1) 

for each / £ T-L. The first term in the right-hand side tends to zero as e — > 0, since 
operators L e converge to L in the norm resolvent sense. The last two terms are 
infinitely small as h — > 0, in view of the strong convergence of Uh, which finishes 
the proof. □ 

We introduce the unitary operators Vh and V in acting via 

(V h f)(x) = e iA »Wf(x), (3.2) 

(Vf)(x) = e iAH ^f(x), (3.3) 
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where H is the Heaviside step function, i.e., H{x) = for x < and H(x) = 1 for 
x > 0. Set 

A h {x) = h- s [ A{hrH)dt. 

J — oo 

Proposition 3.2. Assume that either s = 1 or else s > 1 and A = 0; then the 
family of operators Vh converges to the operator V as h — > in the strong operator 
topology. 

Proof. Remark that V is the identity operator, if A = 0. Without loss of generality 
we can assume that the support of A lies in [—1,1]. First, we note that 

A h (x) = h 1 - S f ' A{r)dr. 

Therefore A h {x) = for x < -h and A h (x) = h x ^ s A for x > h. For each / e L 2 {R) 
we have 

\\V h f - Vf\\ 2 = [ e iA »W _ gUH(x) 2 | /(aj) |2 dx 

2 \ f(x)\ 2 dx<4 [ H \ f(x)\ 2 dx, (3.4) 



-ft 



since Ah(x) = AH(x) for \x\ > h. The right-hand side of (3.4) tends to zero as 
h — > 0, by absolute continuity of the Lebesgue integral. □ 

Denote by S(a, (3) the perturbation of the free Schrodinger operator acting via 
S(a,j3)4> = —<f)" on functions 4> in H / |(M\ {0}) obeying the interface conditions 

0(+O) = a<f>(-0), (f>'(+0) = cry (-0) + (3(j>(-0) 

at the origin. For every real a and /?, this operator is self-adjoint provided a ^ 0. 
Let us consider the Schrodinger operators 

S e = -¥*+\*(~) + -*(-), domS e = W 2 (R). (3.5) 
dx z e z V e / v e \ v e J 

The proof of Theorem 2.1 is based on the following result obtained in [11]: 

Theorem 3.3. Suppose that the sequence v e E R + is such that v e — > <md £/ie 
ratio f £ /e tends to u> E R* as e — >■ 0. 

// the potential $ is resonant, then the operator family S s converges in the norm 
resolvent sense as e — > to the operator S(6, x(w)), where the values 9, x{u>) are 
given by (2.2)-(2.4). Otherwise the operators S e converge to the direct sum S-@S+ 
in the sense of norm resolvent convergence. 

4. Proof of Theorem 2.1 

Let us consider the sequence {^ £ } e >o C R+ as in the previous theorem, i.e., 
v e — > and v e je ->wel, as e — > 0. We also introduce two operators 

| S(6, x(w)) if $ is resonant, ^ | T(0, if $ is resonant, 

1 S- ffi 5+ otherwise; 1 S- © 5+ otherwise, 

where T(8,x(uj)) is defined in Theorem 2.1. Throughout the rest of paper, ||/|| 
stands for the L2(R)-norm of a function /. 



SCHRODINGER OPERATORS WITH SINGULARLY SCALED POTENTIALS 7 



Under conditions of Theorem 2.1 the operator T^ v ^ is unitarily equivalent to the 
operator S e , i.e., T^ v = VhSgVy 1 with the unitary operator (gauge transformation) 
Vh given by (3.2) [4]. A trivial verification shows that the unitary operator V 
defined via (3.3) is an isomorphism from domS" onto domT both in the resonant 
and non-resonant cases; therefore, T — VSV" 1 . Hence, it follows from Theorem 3.3 
and Lemmas 3.1, 3.2 that operators T^ v converge to T in the strong resolvent 
convergence. More precisely, the following holds as h, £ — > 0: 

T y I Ve — ► T(6, x(u)) if s = 1 and $ is resonant, 

T^ Ue — > S(6, x{uj)) if s > 1, A = 0, and $ is resonant, 

T* Vc — > SI @ S+ otherwise, 

provided v e je — > oj. To improve this convergence, it suffices to establish that 

\\{T^-z)- 1 f-{T-z)- l f\\=o{l)\\f\\ 

as h, e — > for every / <G ^(KO- 

For each / £ L2O&) we consider the sequence fh = (1 — Xh)f, where Xh is the 
characteristic function of {—h, h). It is easily seen that 

||AH< 11/11, \\.f h -.f\\<c h^\\f\\. (4.1) 

Since the resolvents of the self-adjoint operators 7* „ are uniformly bounded with 
respect to both parameters h and e in bounded subsets of X2(M), we have 

\\{(T^ a -z)- l -(T-z)- i )f\\ 
< || ((T^ - z)' 1 — (T — z)-')f h \\ + \\(T* Vt - z)- 1 — (T — zy'WWh /II 

< ||((T e ^ - z)- 1 — (T — z)- 1 )^ + 2c Q h 1 / 2 \lmz\- 1 \\fl (4.2) 
where z G C \ R. Moreover the following inequality 

|| ((T e ^ - z)- 1 (t z)- l )f h \\ < \\(s e - zy 1 - (s - z)- 1 !! ||M| 

+ I Imzr 1 !!^- 1 - V-^hW + \\(V h V)(S - zy'V-'M (4.3) 

holds (cf. (3.1)). Recalling the norm resolvent convergence of S E stated in The- 
orem 3.3, we observe that the first term in the right-hand side of (4.3) tends to 
zero as e — > uniformly. Next, (V^ 1 — V~ 1 )fh = 0, because Af l (x) = AH(x) for 
\x\ > h. Therefore 

|| {(Tly - zy 1 — (T — zy^fuW < r s ll/H + \\{V h - V){S ~ zy'V-'M (4.4) 

where r e = ||(5 e ,y s — z) -1 — (S — z) _1 || is an infinitely small quantity as £ — > 
provided the ratio v e j £ has a finite or infinite limit. 

Let us turn to the last norm in the right-hand side of (4.4). We shall prove the 
following estimate 

WiVH-vys-zy'v-'MKdh^WfW (4.5) 

with some constant c\ independent of h and /. Set vh = (S — z)" 1 "^ 1 fh- We see 
at once that 

(V h - V)(S - zy'V-'h = (e- iA - - e- iAH ) Xh v h . 

Therefore 

\\(y h -V)(S-z)- 1 V- 1 f h \\ <2|| Xfc ||||« h || LooC _ fcjfc) <C2h^ 2 \\v h \\ Loo ^ hth) (4.6) 
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with a constant c 2 independent of h. What is left to show that the norm ||w/i||i ao (— h /») 
can be estimated by the £2 (R)-norni of / uniformly as h — > 0. 

In the resonant case, Vh is an L 2 (R)-solution of the boundary value problem 



v + zv = — e 



- iAH{x \f h inR\{0}, (4.7) 

u(+0) = 6v(-Q), v'(+0) = e^v'i-O) + k(uj)v{-0). (4.8) 

Let 2/1 and 2/2 be the linear independent solutions to the equation y" + zy — in the 
whole line, obeying the conditions 3/1 (0) = 0, 2/1(0) = 1 and 3/2(0) = 1, 2/2(0) = 0. 
We also introduce two functions 



2/1 (x) for x < 0, 1 2/2(2) for x < 0, 

V2\X) = < 

2/1 W for a; > 0; I x(w)yi(x) + 0y 2 (x) for x > 0, 



which are linear independent solutions to the equation y" + zy = in M \ {0} 
satisfying the interface conditions (4.8). Both these solutions belong to W 2 (R\{0}) 
and so they are bounded in the whole line. 

Since the function fh vanishes in the interval (—h, h) for all h > 0, the solution 
Vh of problem (4.7), (4.8) can be represented as follows 

v h (x) = *i(/ h )vi(aO +h(f h )v 2 (x) (4.9) 

for x e (—h, h) with the linear functionals £k ■ L 2 (M.) — ^ C satisfying the inequalities 

Mg)\ < c 3 \\g\\, fc = l,2. (4.10) 

The continuity of follows from the continuity of operators (5 — z) _1 and in 
L 2 (Wt), since u h = (5 - z) -1 ^ -1 /^ Therefore, 

IklU.C-M) < Mfh)\ IHU»(R) + Mh)\ H^alUooCK) < C4||M| < c 4 ||/|| (4.11) 
in view of (4.10) and (4.1). 

For the non-resonant potential $, the function Vh is an L 2 (R)-solution of the 
boundary value problem 

v" + zv = -e-' lAH{x \f h inR\{0}, w(0) = 0. (4.12) 
In this case, we set 

. . 1 2/1 (x) for x < 0, I for x < 0, 

10 for x > 0; I2/1W lor x > 0. 

in the representation (4.9). Repeating the previous argument leads to the estimate 
(4.11) in the non-resonant case. 

We summarize our conclusions by observing from (4.2), (4.4), and (4.5) that 

\\(T^ e ZV 1 ! - (T - zT'fW < C{r e + h^)\\f\\, 
where r e goes to zero as e — > 0, which completes the proof. 
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